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Abstract. Consider a manifold endowed with the action of a Lie group. 
We study the relation between the cohomology of the Cartan complex 
and the equivariant cohomology by using the equivariant De Rham com- 
plex developed by Getzler, and we show that the cohomology of the 
Cartan complex lies on the 0-th row of the second page of a spectral 
sequence converging to the equivariant cohomology. We use this result 
to generalize a result of Witten on the equivalence of absence of anom- 
C^ ' alies in gauge WZW actions on compact Lie groups to the existence of 

equivariant extension of the WZW term, to the case on which the gauge 
group is the special linear group with real coefficients. 



>• . 1. Introduction 

VO . 

fN) ' In certain situations, geometrical information of manifolds might be en- 

coded in differential forms. In the presence of symmetries of the manifold 
via the action of a Lie group, the behavior of these differential forms under 
the group action may lead to a better understanding of the manifold itself. 
In some well known instances of actions of compact Lie groups, the action 
is of a particular type whenever the differential form may be extended to an 
equivariant one in the Cartan model of equivariant cohomology [9J; this is 
the case for example in Hamiltonian actions on symplectic manifolds [l|, in 



Hamiltonian actions on exact Courant algebroids [4l. Id. Il2l. Il4j] or in gauge 



WZW actions which are anomaly free [laj and its generalizations [9|, lie 

When the Lie group is not compact, the Cartan complex associated to 
the action in general does not compute the equivariant cohomology of the 
manifold, and therefore many of the results that hold for compact Lie groups 
may not hold for the non-compact case. But since the Cartan model is very 
well suited for studying the infinitesimal behavior of the differential forms 
with respect to the action of the Lie algebra, it would be worthwhile knowing 
more about the relation between the cohomology of the Cartan complex and 
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the equivariant cohomology. In this paper we study this relation and we 
obtain some interesting results which in particular permit us generalize the 
conditions for cancellation of anomalies on gauge WZW actions developed 
by Witten [la], to the case on which the gauge group is the non-compact 
group SL{n, R). 

The main ingredient of this work is the equivariant De Rham complex 
developed by Getzler [10] whose cohomology calculates the equivariant co- 
homology independent whether the group is compact or not. We show that 
there is an inclusion of complexes of the Cartan complex into the equivari- 
ant De Rham one, and therefore we obtain a homomorphism between the 
cohomology of the Cartan complex to the equivariant De Rham cohomol- 
ogy. This in particular implies that any closed form in the Cartan complex 
defines an equivariant cohomology class, but note that the converse may not 
be true. We furthermore show that there is a spectral sequence converging 
to the equivariant De Rham cohomology such that its E^ -term is isomor- 
phic to the cohomology of the Cartan complex, and in this way an explicit 
relation between the cohomology of the Cartan complex and the equivariant 
De Rham cohomology is obtained. Now, since the first page of this spec- 
tral sequence could be understood in terms of the differential cohomology 
of a Lie group, we recall its definition and some of its properties and we 
reconstruct some calculations for the group SL(n, R). 

We conclude this work by applying our results to the gauge WZW actions 
whenever the gauge group is SL(n, R). We recall the result of Witten which 
claims that the gauge WZW action on compact Lie groups is anomaly free, if 
and only if the WZW term uj = j}^Tr(g~ l dg) 3 can be extended to a closed 
form in the Cartan complex, and we generalize it to the case on which 
the gauge group is SL(n,M); this is Theorem 14.11 We use this theorem to 
construct explicit examples where the equations of cancellation of anomalies 
hold and where they do not. The physics implications of our work will appear 
elsewhere. 

Acknowledgments The third author would like to acknowledge and thank 
the financial support provided by the Alexander Von Humboldt Foundation 
and also would like to thank the hospitality of Prof. Wolfgang Luck at the 
Mathematics Institute of the University of Bonn. 

2. Equivariant cohomology 

Let G be a Lie group and M a manifold on which G acts on the left by 
diffeomorphisms . The G-equivariant cohomology of M could defined as the 
singular cohomology of the homotopy quotient EG x q M 

H G (M;Z) := H*(EG x G Af;Z) 

where EG is the universal G-principal bundle G — > EG — > BG. 

The previous definition works for any topological group and any continu- 
ous action, but sometimes it is convenient to have a De Rham version with 
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differentiable forms for the equivariant cohomology whenever the group is 
of Lie type and the actions is differentiable. When the group G is compact, 
the Weil and Cartan models provide a framework on which the equivariant 
cohomology could be obtained via a complex whose ingredients are the lo- 
cal action of the Lie algebra q, and the differentiable forms 0*M. When 
the group G is not compact there is a more elaborate model for equivariant 
cohomology that we will describe in the next section. 

2.1. De Rham model of Equivariant cohomology. One way to obtain 
a De Rham model for equivariant cohomology is through the total complex 
of the double complex 

Q*(N.(G x M)) 

that is obtained after applying the differentiable forms functor to the sim- 
plicial space N 9 {G k M) which is the nerve of the differentiable groupoid 
Gk M. 

By the works of Bott-Shulman-Stasheff [3|] and Getzler [l0( we know that 
one way to calculate the cohomology of total complex of the double complex 
of differentiable forms 

n*(N.(G xM)) 
is through the differentiable cohomology groups 

H*{G,S Q *®n'M) 

of the group G with values on the differentiable forms of M tensor the 
symmetric algebra of the dual of the Lie algebra q. 

In [10| Getzler has shown that there is a De Rham theorem for equivariant 
cohomology showing that there is a isomorphism of rings 

H*(G, Sq* ® fi'M) ^ H*(EG x G M;R) 

between the De Rham model for equivariant cohomology and the cohomol- 
ogy of the homotopy quotient. 

The De Rham model for equivariant cohomology defined Getzler is defined 
as follows. 

Consider the complex C (G, Sq* (£> 0*M) with elements smooth maps 

f( gi ,...,g k \X):G k x S ^n*M 

which vanish if any of the arguments gi equals the identity of G. The 
operators d and 1 are defined by the formulas 

(df)( 9l ,...,g k \X) = (-l) k df(g u ...,g k \X) and 
(tf)( gi ,...,g k \X) = (-l) k i(X)f( 9l ,...,g k \X), 

as in the case of the differential in Cartan's model for equivariant cohomol- 
ogy [a, lll|. Recall that the elements in g* are defined to have degree 2, 
and therefore the operator 1 has degree 1. Denote the generators of the 
symmetric algebra Sq* by f2 a where a runs over a base of q. 
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The coboundary d : C k — > C k+1 is defined by the formula 

k 

(df)(go, ■ ■ -,9k\X) = f(g x , ■ ■ -,9k\X) + ^(-l) l /(5o, • • -,9i-i9i, ■■■,9k\X) 

8=1 

H-l) k+1 9kf(9 ,...,9k~i\Ad(g^)X), 
and the contraction I : C k — >■ C fe_1 is defined by the formula 

(Zf)(gi,...,9k-i\X) = ^2(-lf—f(g 1 ,...,g i ,e tXi ,g i+1 ...,g k - 1 \X) 

i=0 

where X» = Ad(g i+ i . . . gk-i)X. 
If the image of the map 

/ : G k -)• Sq* n*M 

is a homogeneous polynomial of degree I, then the total degree of the map 
/ equals deg(f) = k + l. It follows that the structural maps d, l, d and I are 
degree 1 maps, and the operator 

dG = d + i + d + l 

becomes a degree 1 map that squares to zero. 

Definition 2.1. The elements of the complex 

(C*(G,SQ*®n 9 M),d G ) 

will be called equivariant De Rham forms and its cohomology 

H*(G,Sg*®£TM) 

will be called the equivariant De Rham cohomology. 

In [10] it was shown that the complex (C*(G, Sg* (g> Q'M),da) together 
with the cup product 

(aU6)(«7 1 ,..., 9fc+ ^) = (-l)'(l a l- fc ) 7 a( 5l ,..., 5fc |Ad( 7 - 1 )X)6( 5fc+1 ,..., 5fc+ nX) 

for 7 = gk+i-.-gk+i, becomes a differential graded algebra, and moreover that 
there is a canonical isomorphism of rings 

H*(G,Sb*®£1"M)^ H* (M x G EG; R) 

with the cohomology of the homotopy quotient. 

2.1.1. Cartan model for equivariant cohomology. The Cartan model for equi- 
variant cohomology is the differential graded algebra 

C G (M) := (5fl*®n'M) G 

endowed with the differential d + i. Therefore there is a natural homomor- 
phism of differential graded algebras 

(2.1) i : (C G (M), d + t)^ (C*(G, Sq* ® Q m M), d G ) 
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given by the inclusion 

(Sg* <g> Cl'Mf c C°(G, Sg* fl'M) 

since the restriction of d G to (Sg* (g) fl'M) is precisely d + i because the 
operators d and I act trivially on the invariant elements of C°(G, Sg*®Q°M). 
The induced map on cohomologies 

i : H*(C G (M),d + i) -»■ H*(G, Sg* ® fi*M) 

is far from being an isomorphism as the case of M = pt and G = GL(1, R)_|_ = 
R+ shows. 

In this case C G {M) = 5(flI(l,R)) = R[x] and d+t = 0, hence H*{C G {M)) = 
R[x] where \x\ = 2. On the other hand H*(G, Sg*) = H*(BG,R) = R since 
BG is contractible. 

Nevertheless, when the Lie group G is compact, the map i induces an 
isomorphism in cohomology [5(. 

Proposition 2.2. Suppose that the Lie group G is compact. Then the map 

i: (C G (M),d + i) ^{C*{G,Sg* ®n'M),d G ) 

is a quasi-isomorphism and therefore it induces an isomorphism in cohomol- 
ogy 

i : H*(C G (M)) 4 H*(G, Sg* ® Q'M) 

Proof. Let us filter the complex C*(G, Sg* <g) Q'M) by the degree in Sg* <g> 
Vt'M , namely, if we consider maps 

/ : G k -> Sg* ® n'M 

with image homogeneous elements of degree I, we will denote degi(f) = k 

and deg2(f) = I; then we can define the filtration 

f p ._ {f € c *( Gj Sq * g, n'M\deg 2 (f) > P } 

where F p+1 C F p . We have that the differentials have the following degrees: 

degi(d) = deg2(d) = 1 

degi(i) = deg 2 (i) = l 

degxid) = 1 deg2{d) = 

degi(t) = -l degi(T) = 2 

and therefore the filtration is compatible with the differentials. 

The spectral sequence associated to the filtration F* has for page 0: 

£ = F p /F p+1 =* C*(G, Sg* fi'Af) 
v 

and the 0-th differential is do = d because the other three differentials raise 
deg 2 . Therefore the page 1 is: 

E x = H* (C* (G, Sg* ®n'M), d) 
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the differentiable cohomology of G with coefficients in the representation 
Sq* ®VL'M. Since the group G is compact these cohomology groups become 
simply the invariants elements of the representation 

H*(C*{G, Sq* <g> STM) =s (Sg* <g> n'M) G ; 



this result follows from the Van Est maps [151 ] . The first differential of the 
page 1 becomes d\ = d + i because I is trivial over the invariant elements 
and therefore we get that the first page of the spectral sequence is precisely 
the Cartan complex 

E 1 * C G (M). 

Then the second page is the cohomology of the Cartan complex and the 
spectral sequence collapses at level 2: 

E 00 = E 2 = H*(C G (M)), 

hence we have that the cohomology of the Cartan complex is isomorphic to 
the cohomology of the De Rham model for equivariant cohomology, and the 
the map 

i : H*(C G (M)) 4 H*{G, Sq* fi'M) 

is an isomorphism. 

□ 

2.2. Differentiable cohomology of Lie groups. Notice that in De Rham 
model for equivariant cohomology the operator d is defined in a similar fash- 
ion as the differential for group cohomology in the case of discrete groups. 
The cohomology groups defined by the differential d are called the differen- 
tiable cohomology groups and are defined for any G-module V; i.e. if G is a 
Lie group and V is a G-module then the differentiable cohomology of G with 
values in V is the cohomology of the complex C%(G,V) where C%(G,V) 
consists of differentiable maps / : G '■ —}V such that / vanishes if any of the 
arguments gi equals the identity of G, and the differential is d is defined by 

k 

(df)(go,...,gk) = f(gi,---,gk) + ^2{-iyf{go,---,gi-i9i,---,gk) 

8=1 

+(-l) fc+ W(3o,...,^-i). 

We denote this cohomology by 

H* d (G,V) :=H*(C*(G,V),d). 

For V in the category of topological G-modules, the cohomology groups 
H%(G,V) can be seen as the relative derived functor associated to the G 
invariant submodule V . In particular we have that 

H° d (G,V) = V G , 

and whenever G is compact the functor of taking the G-invariant submodule 
is exact and therefore in that case H d >0 (G, V) = 0. 
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Remark 2.3. The first page of the spectral sequence that was used in the 
proof of Proposition 12.21 

E x = H* (C* (G, Sq* ® il'M), d) 

is precisely the differential cohomolology defined above 

E x = H* d (G,Sg* ®n'M) 

for the G-module Sq* <8> 0,'M. 

For V a vector space over R, by differentiating the functions from G to 
V, Van Est [15(] proved that 

H*(G;V)^H*( S ,Z;V) 

whenever K is the maximal compact subgroup of G, t and q are their corre- 
sponding Lie algebras, and H*(g,t, V) denotes the Lie algebra cohomology 
defined by Chevalley and Eilenberg in [7[. 

Whenever the group G has a compact form G u , i.e. a compact Lie group 
whose complexification is isomorphic to the complexification of G 

Gc — (G u )c, 

then we have that 

H*(q, I; V) <* H*( 9u , «; V) * H*(G U /K; V) 

where the second isomorphism was proved by Chevalley and Eilenberg in [7|] 
for compact Lie groups, and the first isomorphism follows from the isomor- 
phisms 

H*(g,t;V) ® R C^ H*(g c ,t c ;Vc) = H*(g u ,t;V) ® R C 

which follow from the isomorphism of complex Lie algebras 0c — (fl«)c- I n 
this case we have that the differentiable cohomology of G can be calculated 
by topological methods, i.e. 

H* d {G-V)^H*(G u /K-V). 

2.2.1. Example G = SL(n,M). Let us consider the non-compact group G = 
SL(n,M). In this case we have 

Q = sl(n,R) C =sl(n,C) 

g u = su(n) t = so(n) 

«c=so(n,C) K = SO(n) 

G u = SU{n). 

Therefore for n > 2 we have that 

H* d (SL(n,R),R) = H*(SU(n)/SO(n);R) = A[h 3 ,h 5 ,.. n h {n) ] 

where the degree of hi is 1% — 1 and (n) is the largest odd integer which is 
less or equal than n. 
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The equivariant De Rham cohomology of this group is H*(G,Sq*). The 
spectral sequence defined in the proof of Proposition 12.21 has for first page 

E 1 = H* d (G,S Q *)^H*( 5 ,t,SQ*) 

and since the algebra q = sl(n, R) is reductive and Sq* is a finite dimensional 
semi-simple g-module in each degree [2J, then we have that 

tf*( 5 ,{?; Sq*) 9* H*(g,t;R) ® (Sq*) s 

and therefore 

£i^fr d (G;R)®(Sfo*) G . 

The ideal of G-invariant polynomials is known to be 

(SQ*) G ^R[c 2 ,c 3 ,...,c n ] 

where the degree of q is 2i, and so we get that the first page of the spectral 
sequence converging to H*(G,Sq*) is 

E 1 =s A[/i 3 , h 5 , ..., h( n )] <g> R[c 2 , c 3 , ..., c n \. 

Since we know that for n > 2 

H*(G,Sq*) = H*(BG;R) = H*(BSO(n);R) ^ R[c 2 , c 4 , ...c 2[n/2] ] 

is the free algebra on the Pontrjagin classes, we obtain that the (2i)-th 
differential of the spectral sequence maps the class hi to the class Cj 

/lj \—T C{. 

In particular we obtain that 

(2.2) R = H\G, Sq*) ^ E^> ^ E^° = (S 2 q*) g , 

and therefore we see that the fourth cohomology group of BG is generated 
by the G-invariant quadratic forms in (S 2 g*) . 

3. Equivariant extension of differential forms 

In many instances in geometry, the action of a compact Lie group on a 
manifold being of a certain kind is equivalent to the existence of an equivari- 
ant lift of a specific invariant closed differential form on the Cartan model. 
Some examples of this phenomenon are the following: 

• The action of G on a symplectic manifold (M, ui) being Hamiltonian 
is equivalent to the existence of a closed equivariant lift ui = uj + 
Hcffi 1 £ Cq(M) of the symplectic form; in this case the maps \x a : 
M — >■ R may be assembled into a map \i : $j — > C°°M, fi(a) := fj, a , 
which becomes the moment map (see [l|). 

• The action of G on an exact Courant algebroid (TM © T*M, [,]#), 
with Courant-Dorfman bracket twisted by the closed three form H, 
is Hamiltonian provided there exists a closed equivariant lift H = 
u + £ a n a G Cl{M) (see (3, 0, E3, ) ■ 
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Let r be a connected, simple, simply connected and compact matrix 
group, i.e. T C GL(N,M), and denote by Tl x Tr the product of 
two copies of r acting on T on the left by the action 

(r L xr fl )xr4r 

((g,h),k) i-> gkh' 1 . 

A subgroup GcTiX Tr is called an anomaly-free subgroup if there 
WZW action could be gauged with respect to the group action given 



by G. In 16] Witten showed that the anomaly-free subgroups are 



precisely the subgroups G on which the WZW term 

w = ^TrQr 1 ^) 3 

could be lifted to a closed equivariant 3-form in the Cartan complex 
Co = uj — X a fl a £ Cq(T). (We will elaborate this construction in the 
next chapter). 

The previous examples are not exhaustive, but they give the idea of the 
general principle. In these cases we have a G-invariant closed form uj and 
we need to find a closed equivariant lift uj. Note that since the group G is 
compact, the existence of a closed equivariant lift in the Cartan model is 
equivalent to the existence of a lift of the cohomology class [uj] € H*(M; R) 
on the equivariant cohomology H* (EG X qM. ; R). Therefore the obstructions 
of the existence of the equivariant lift could be studied via several methods, 
for instance, with the use of the Serre spectral sequence associated to the 
fibration M — > EG Xg M — > BG, or with the use of the spectral sequence 
associated to a nitration of the Cartan complex Cg{M) given by the degree 
of Sq* as it is done in [8(. 

But what happens in the case that the Lie group G is not compact? 
We speculate that the situation should be similar, in the sense that the 
action being of certain kind is equivalent to the existence of a lift on the 
equivariant De Rham complex defined in section §2. 11 This situation has not 
been explored so far but we believe that the equivariant De Rham complex 
provides a framework on which actions on non-compact Lie groups could be 
better understood. 

Since in many instances the geometric information is captured by closed 
forms in the Cartan complex, we would like to study the relation between 
the cohomology of the Cartan complex and the equivariant De Rham coho- 
mology whenever the group is not compact. 

3.1. Cartan complex vs. equivariant De Rham complex. Let us 

consider the diagram of complexes 

C* G {M) — U. C*(G, Sq* ® fi'M) 



Q'M 
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where the horizontal map is the injective map of complexes defined in (I2.ip 
and the vertical maps are the natural forgetful maps. Let us take a closed 
G-invariant form H on M and let us suppose that we can lift this closed 
form to a closed form in the Cartan model H G Cq{M), then equivariant 
form iH becomes a closed lift for H in the complex of equivariant De Rham 
forms, i.e. iH £ C*(G, Sg* Vt'M). We have then 

Lemma 3.1. Take a closed G-invariant form H G (Q'M) . If H can be 

lifted to a closed form H in the Cartan model of the equivariant cohomology, 
then the form i(H) is a closed lift for H in C*(G,Sg* (g) 0*M), the closed 
forms of the equivariant De Rahm complex. 

Note in particular that Lemma 13.11 implies that if one can extend an 
invariant closed form to a closed form in the Cartan model for equivariant 
cohomology, then the cohomology class [H] lies in the image of the canonical 
forgetful homomorphism 

H*(G, Sg* ® Q'M) -> H*(M), 

and therefore the cohomology class [H] could be extended to an equivariant 
cohomology class in any model for the equivariant cohomology of M . 

The converse of Lemma 13. II would say that if one knows that an invariant 
differentiable form H could be lifted to a closed form in C*(G, Sg* ® Q'M) 
then a lift could be written as a closed element in the Cartan model. The 
converse of Lemma 13. II is indeed true whenever the Lie group G is compact, 
but for general group actions it does not hold. 

From the spectral sequence defined in the proof of Proposition 12.21 we 
have seen that in the first page we have 

El'° =* {Sg* ® n'Mf = C G (M) 

with differential d\ : E^ —^E 1 ' equivalent to a + t. Therefore on the 
second page we get that 

E*'°^H*{C G {M),d + i), 

namely that the 0-th row of the second page is isomorphic to the cohomology 
of the Cartan complex. 

Since we have the surjective homomorphism E^' — > E^ we can conclude 
that 

Proposition 3.2. For a closed G-invariant form H € (£l°M) G , it can be 
lifted to a closed form in the Cartan complex if, firstly the cohomology class 
[H] could be lifted to an equivariant cohomology class in H*(G, Sg* t&Q'M), 
and secondly, if the lift lies on the subgroup E^ C H*(G,Sg* Q'M). 

The second condition of Proposition 13.21 is more difficult to check than the 
first one, since it depends explicitly on the equivariant De Rham model for 
equivariant cohomology; for the first condition any model for the equivariant 
cohomology works. 
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In certain specific situations, extensions in the Cartan model of closed 
forms may be obtained, and this is the subject of the next and final chapter. 

4. EQUIVARIANT EXTENSIONS OF THE WZW TERM FOR SL(jl, R) 

ACTIONS 



In the physics literature (see [16|] and the references therein) it has been 
argued that the equations of anomaly cancellation for the gauge WZW action 

Tr(T a , L T btL - T a . R T byR ) = 

are equivalent to the existence of an equivariant extension of the WZW term 

- = I^OT 1 *) 8 

on the Cartan model for equivariant cohomology. In the case that the group 
that we are gauging is compact, the anomaly cancellation is equivalent to 
the existence of an equivariant lift of the cohomology class [ui] , and therefore 
the anomaly cancellation becomes topological and could be checked with 
topological methods. 

In this chapter we study in detail the case on which the Gauge group 
is G = SL(n, R) (or any subgroup of it) and we show that the anomaly 
cancellation for the WZW action is also topological and only depends on 
the existence of an equivariant lift of the cohomology class [ui] ; in this way 
we find a large family of SL(n,M) actions with anomaly cancellation. 

Let us start by recalling the explanation given by Witten [16(] that asserts 
that the equations for anomaly cancellation are equivalent to the existence 
of a lift in the Cartan complex of the form uj. 

4.1. Gauged WZW actions. Let I be a connected and simple matrix 
group, i.e. V C GL(iV, R), such that its fundamental group is finite. Denote 
by Tx, x Tr the product of two copies of T acting on T on the left by the 
action 

(r L xr fl )xMr 

((g,h),k) ^ gkhT x . 

and consider a subgroup G cT^x T R acting on the left on T by the induced 
action of Tl x T r . 

The embedding GcT^x T^j determines a map at the level of Lie algebras 
which can be written as 

a i-> {T a ,L,T a ,R), a^Q 

and the canonical vector fields X a on V generated by the G action could be 
written as 

(X a ) g = T a)L g - gT a>R 

for all g G T. 
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The matrix 1-forms g~ l dg and dgg -1 satisfy the equations 
Lx a {g~ l dg) = g- l T a , L g - T a , R 
^Xaidgg' 1 ) = T ayL - g~ l T a , R g 

didgg- 1 )** 1 = -{dgg- l ? p+2 
d(g- l dgf^ = (g- l dgf^ 
and we can take the differential form 

which defines the WZW action. The form uj € 0, 3 T is Tl x Fr invariant, 
therefore u £ (fi 3 r) , it is closed and is a generator of the cohomology 
group H 3 (F) =R. 

To find a closed extension of u in the Cartan complex we need to find 
1-forms A a such that the following equations are satisfied: 

L Xa U ~ d\ a = 

L X a Xb + '-XfcAa = 

C-X b K = \b,a] 

where the first two imply that the form ui = to — A a f2 a is {d + (-)-closed, and 
the third one implies that Cj is G-invariant. Calculating ix a u we obtain 

ix^iig-'dgf = 3Tr ((g^T^g - T a , R )(g- 1 dgf) 

= 3Tr (T^dgg- 1 ) 2 - T a ^{g^dgf) 
= d [3Tr (Ta^dgg- 1 ) + T atR (g~ l dg))] 
and therefore we see that we can define 

Aa = ^Tr (Ta^dgg- 1 ) + T atR (g' l dg)) 

satisfying the equation Lx a ^> — d\ a = 0. The fact that Cx b X a = \b,a] is 
satisfied, is a tedious but straightforward computation. 
Now we compute 

t>X a ^b + iX b X a = — Tr (T a LThL - T a RTh R ) 

noting that for a,b G g the function thus defined become constant, and 
therefore we have that 

w = w - A a O a e (Sq* ® ftT) G 

is a 3- form in the Cartan complex Cg(T) and its failure to be closed is the 
quadratic form 

(d+L)6j£(S 2 Q*f 

where the coefficient of Q a Q of this quadratic form is precisely 

~7T Tr (T a LT b L — T aR T bR ) . 

Z7T 
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Since it was known in the literature that the condition for the absence of 
anomalies was 

Tr (T ajL T btL - T ajR T btR ) = 0, 

Witten concluded that the absence of anomalies was equivalent to the exis- 
tence of a closed extension of ui in the Cartan complex. 

Whenever the Lie group G is compact, the existence of such an extension 
is equivalent to the existence of an equivariant extension of the cohomology 
class [uj], and this can be checked with the use of the Serre spectral sequence 
associated to the fibration 

T ^ EGx G T ^ BG. 

The second page of the spectral sequence becomes 

E™ = H p (BG;H q (T;R)) =* H P (BG;R) <g> H q (T;R), 

and since ^(TjIR) = i7 2 (T;lR) = 0, the only non trivial differential that 
affects [uj] € E 2 ' is d^ thus defining an element 

d 4 (M) € E$° 2* H\BG;R); 

this implies that the only obstruction to lift [uj] to an equivariant class is 
precisely ^([w]). Since we assumed that G is compact, we know that 

H 4 (BG;R) ^ (S 2 g*) G 

and therefore we must have that 

cLt(M) = (d+ i)Cj, 

namely that the two obstructions are the same. 

The previous argument permits to find several cases on which there is 
anomaly cancellation. The simplest of all is the adjoint action of G on itself 
V = G since in this case the spectral sequence associated to the fibration 
EGxcGad — > BG always collapses at the second page, and therefore d^ = 0. 

4.2. WZW actions with gauge group G = SL(n,R). In this section we 
will argue that if the gauge group is G = SL(n,M) then the cancellation 
of anomalies is topological, and therefore it is equivalent to the existence 
of an equivariant lift of the cohomology class [uj] . We point out that this 
phenomenon does not apply to any non-compact gauge group, but since the 
group SL(n,R) is "special" it applies to it. 

Theorem 4.1. Let T be a connected, simple matrix group with finite fun- 
damental group. Let G = SL(n, R) and consider an action on T defined by 
an injection GcTj,x Tr. The existence of an equivariant extension on 
H 3 (EG xgF;R) of the cohomology class [w] is equivalent to the existence 
of a closed lift on the Cartan model of u. 
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Proof. We know that if there is an extension uj in the Cartan model, then the 
cohomology class [Q] represents the lift in the cohomology group H 3 (G, S ' $*(>$> 
Q'T). To prove the converse we will make use of the constructions and results 
of sections g22H M and Ul\ 

From the equivariant De Rham theorem we know that H*(BG;M) = 
H(G,Sg*) and therefore we could take the class djflo;]), which is the ob- 
struction of extending [u] to an equivariant class, to be an element in 

dk([u])€H A (G,Sg*). 

We already know that {d + t)u) 6 (S 2 q*) g and its cohomology class in 
H 4 (G, Sg*) represents the same obstruction for an equivariant lift, i.e. 

d 4 (M) = [(d+L)U)}. 

In general it may happen that the cohomology class [(d + l)£o\ is zero even 
though the form (d + i)uj is different from zero. But in the particular case 
of G = SL(n, M) we have already seen in (|2.2j) that the inclusion map of the 
Cartan complex into the equivariant De Rham complex 

(Sg*f ^C*(G,Sg*) 

induces an isomorphism in degree 4 

(S 2 Q *f 4 H\G, 5 *), (d + i)£o ^ [(d + i)u] 

and therefore we have that the vanishing of the class d^ ( [w] ) is equivalent to 
the vanishing of the quadratic form (d + l)Cj, i.e. 

diQw]) = if and only if [d + i)u) = 0. 

D 

We see that for the case on which the gauge group is SL(n, M), the equa- 
tions of cancellation of anomalies, namely that for all a, b € sl(n,M) 

Tr {T a:L T btL - T a:R T htR ) = 0, 

are equivalent to the existence of an equivariant extension on H 3 (EG xq 
r;R) of the cohomology class [u)]. Now we are ready to give examples on 
both the existence and the non existense of equivariant extensions of uj. 

4.3. Examples. 

4.3.1. Adjoint action. Let G = V and consider the diagonal injection 

GcT L xT R , g^(g,g) 

which induces the adjoint action of G on T = G . In this case the cohomol- 
ogy of the homotopy quotient EG x g G is isomorphic to the cohomology 
of G tensor the cohomology of BG: 

H*(EG x G G ad ;R) =* H*(BG;R) <g> H*(G;R). 
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This isomorphism can be obtained from the Serre spectral sequence associ- 
ated to the fibration 

G^EGxqG^ -^BG 

which collapses at level 2 because the classes in H*(G;R) can be lifted to 
classes to H*(EG x G G ad ;R): take a primitive class in H*(BG;R) (namely 
a class in H*(BG;R) which is in the image of a primitive element in H*(G) 
of one of the differentials of the Serre Spectral Sequence associated to the 
fibration G — > EG — > BG) pull it back to S 1 x CBG via the evaluation map 
where CBG is the space of free loops of BG, then integrate over S 1 and 
get a class in H*(CBG;R) of degree 1 less; this class in H*(CBG;R) once 
restricted to the based loops QBG ~ G is precisely the class in H*(G) that 
defined the primitive class in H*{BG) that we started with; finally recall 
that £BG~EGx G G ad . 

If we take G = F = SL(n,R), we know by Theorem 14,11 that the exis- 
tence of an equivariant extension of [co] is equivalent to the cancellation of 
anomalies for this gauged action, and since the class [u>] can be extended 
to an equivariant one, we conclude that in this case there is cancellation of 
anomalies. 

In particular, for any subgroup F C SL(n, R) acting by the adjoint action 
on SL(n, R) there is also cancellation of anomalies. 

4.4. G = SL(n,R) C T L for n > 2. Whenever the action of G = SL(n,R) 
on T is obtained by a left action induced by an inclusion G = SL(n, R) CTl, 
we have that the G action on T is free and therefore the homotopy quotient 
EG XgT and the quotient Gr\T are homotopy equivalent. For n > 2 the 
Serre spectral sequence tells us that 

d 4 (M) = c 2 € tf 4 (5SL(n,IR);M) 

and therefore the class [w] does not extend to an equivariant one. By Theo- 
rem 2j] w e know that this implies that there is no cancellation of anomalies. 
We conclude that for left free actions of the group SL(n,R) for n > 2 there 
must exist a, b € sl(n, R) such that 

Tr (T a , L T btL - T ajR T btR ) / 0. 

4.5. G = SL(2,R) C r^. Following the same argument as before, we have 
that diQw]) = since .ff 4 (£>,SX(n,lR),IR) = 0. Therefore for left free actions 
of the group SL(2,R) there is cancellation of anomalies. 

References 

[1] M. F. Atiyah and R. Bott. The moment map and equivariant cohomol- 

ogy. Topology, 23(l):l-28, 1984. ISSN 0040-9383. 
[2] Marcel Berger et al. Seminaire "Sophus Lie" de I'Ecole Normale 

Superieure, 1954/1955. Theorie des algebres de Lie. Topologie des 

groupes de Lie. Secretariat mathematique, 11 rue Pierre Curie, Paris, 

1955. 



16 H. GARCIA-COMPEAN, P. PANIAGUA, AND B. URIBE 

[3] R. Bott, H. Shulman, and J. Stasheff. On the de Rham theory of 

certain classifying spaces. Advances in Math., 20(l):43-56, 1976. ISSN 

0001-8708. 
[4] Henrique Bursztyn, Gil R. Cavalcanti, and Marco Gualtieri. Reduction 

of Courant algebroids and generalized complex structures. Adv. Math., 

211(2):726-765, 2007. ISSN 0001-8708. 
[5] Henri Cartan. La transgression dans un groupe de Lie et dans un es- 

pace fibre principal. In Colloque de topologie (espaces fibres), Bruxelles, 

1950, pages 57-71. Georges Thone, Liege, 1951. 
[6] Alexander Caviedes, Shengda Hu, and Bernardo Uribe. Chern-Weil 

homomorphism in twisted equivariant cohomology. Differential Geom. 

Appi, 28(l):65-80, 2010. ISSN 0926-2245. doi: 10.1016/j.difgeo.2009. 



09.002. URL http : //dx . doi . org/10 . 1016/ j . dif geo . 2009 . 09 . 002 



[7] Claude Chevalley and Samuel Eilenberg. Cohomology theory of Lie 
groups and Lie algebras. Trans. Amer. Math. Soc, 63:85-124, 1948. 
ISSN 0002-9947. 

[8] Jose M. Figueroa-O' Far rill and Sonia Stanciu. Gauged Wess-Zumino 
terms and equivariant cohomology. Phys. Lett. B, 341(2):153-159, 
1994. ISSN 0370-2693. doi: 10.10 16/0370-2693(94)90304-2. URL 
|http : //dx . doi . org/10 . 1016/0370-2693 (94) 90304-2] 

[9] Hugo Garcia-Compean and Pablo Paniagua. Gauged WZW mod- 
els via equivariant cohomology. Modern Phys. Lett. A, 26(18):1343- 
1352, 2011. ISSN 0217-7323. doi: 10.1142/S0217732311035754. URL 



http : //dx . doi . org/10 . 1142/S0217732311035754 



[10] Ezra Getzler. The equivariant Chern character for non- 

compact Lie groups. Adv. Math., 109(1) :88-107, 1994. 

ISSN 0001-8708. doi: 10.1006/aima l994.1081. URL 

|http : //dx . doi . org/10 . 10 06/aima . 1994 . 1081. 

[11] Victor W. Guillemin and Shlomo Sternberg. Supersymmetry and equi- 
variant de Rham theory. Mathematics Past and Present. Springer- 
Verlag, Berlin, 1999. ISBN 3-540-64797-X. With an appendix contain- 
ing two reprints by Henri Cartan [ MR0042426 (13,107e); MR0042427 
(13,107f)]. 

[12] Shengda Hu. Reduction and duality in generalized geometry. J. Sym- 
plectic Geom., 5(4):439-473, 2007. ISSN 1527-5256. 

[13] Pablo Paniagua. Anomalias, Teoria de Wess-Zumino- Witten y coho- 
mologia equivariante. PhD thesis, CINVESTAV, Mexico, 2010. 

[14] Bernardo Uribe. Group actions on dg-manifolds and exact courant 
algebroids. arXiv:1010.5413, 2010. 

[15] W. T. van Est. Group cohomology and Lie algebra cohomology in Lie 
groups. I, II. Nederl. Akad. Wetensch. Proc. Ser. A. 56 = Indagationes 
Math., 15:484-492, 493-504, 1953. 

[16] Edward Witten. On holomorphic factorization of WZW and coset mod- 
els. Comm. Math. Phys., 144(1):189-212, 1992. ISSN 0010-3616. URL 



http : //pro j ecteuclid . org/getRecord?id=euclid . cmp/1104249222 



EQUIVARIANT EXTENSIONS OF DIFFERENTIAL FORMS 17 

Departamento de Fisica, Centro de Investigacion y de Estudios Avanza- 
dos, Av. I.P.N 2508, Zacatenco, Delegacion Gustavo A. Madero, C.P. 07360, , 
Mexico D.F., Mexico 

E-mail address: compean@f is.cinvestav.mx 

Escuela Superior de Fisica y Matematicas, Instituto Politecnico Nacional, 
Av. IPN Edificio 9, Unidad Profesional Adolfo Lopez Mateos, Zacatenco, 
Delegacion Gustavo A. Madero, C.P. 07738, Mexico D.F., Mexico 

E-mail address: ppaniagua@f is.cinvestav.mx 

Departamento de Matematicas, Universidad de los Andes, Carrera 1 N. 18A 
- 10, Bogota, COLOMBIA 

E-mail address: buribe@uniandes .edu. co 



